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1. Summary

A collocation method combines global polynomial expansions and polyno-

mial expansions on finite elements to solve for the fluid [low, heat
and mass transfer in monolith chemical reactors, The monolith is
modeled as a tube for fiuid flow with reaction on the wails. The equa-
tions governing heat and mass transfer in the fluid and solid wall are
solved in three dimensions, including steady state and transient simu-
lations, for conditions typical of the treatment of automobile exhaust
gases to oxidize carbon monoxide.

2. Equations
A monolith chemical reactor consists of about a thousand small tubes,
whose walls are formsd by a ceramic material. Figure la illustrates
schematically part of the end view of such devices. The solid walls
are coated with porous alumina, on vhich is deposited a catalyst.
Platinum is widely used in the United States, when such reactors are
placed in the exhaust stream of an automobile. Any carbon moncxide in
the engine exhaust is reacted with oxygen to produce harmless carbon
dioxide before the exhaust gases are emitted to the atmosphere.

These reactors are modeled here by assumlng that each cell can be
rodeled 1nd°p=ndently, that is the cell is adiabatic and good flow
distribution insures equal flow rates in all cells., Justification ana
limitations on these and other assumptions are given elsewhere {Young
ard Finlayson, 1976).

2.1  Fluid Flow

The fluid flow in each tube is 1am1nar, since even at highway cruising
speeds the maximum Reynolds number is 600. The reglon of developing

velocity profiles 1s neglected; fully developed flow is assumed gov-
erned by the equation:

2 2
2 U du, _ dr .
U(—2 + —2-) ® in A (1)

u(x,y) = © on C (2)

Here 1 is the axial velocity in the z-direction, x and y ave transverse
dlrectlons, y is viscosity, dP/dz is the pressure gradient, A is the
open region of the ducts illustrated in Flgure 2, while C is the boun-
dary between the open region and solid wall r"he reiation of the axial
direction z and the transverse directions x and y is apparent by compa-
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Fig. la. End View of Typical Monolith Geometries
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Fig. 1b. Location of Collocation Points on Solid in Axial Direction

Fig. 2. Symmetric Portions of Monolith Geometries
Fluid, Solid Collocation Points
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rison cf Figure 1b and 2. We take the viscosity constant.

2.2 Heat and Mass Transfer in the Fluid
The energy and mass balances in the fluid are

Mf 2 2
cutey) 3= = kf G e 2y of (3)
39X Y
f 2 2
Y
uy) 3= = 0f A 2 of (1)
ox Ay

where Tf is the fluid tempe“ature Y is the mole fraction of a species
(here carbon monoxide), C, is the mass heat capacity, k' is the fluid
thermal conductivity and "Df is the diffusivity of carbon monoxide in
the gas. This can bte taken as an effective multlcomponent diffusivity.
We also assume the gas is ideal, the total concentration is constant,
ané the carbon monoxide is dlluue In both Egs. (3-4) we have allowed
transverse conduction and diffusion in the x- and y-directions, but
have neglected it in the z-direction compared to convection. The tran-
sient terms have been neglected in Egs. (1,3,4) because the fluid re-
sponds thousands of times faster than the SOlld temperature, leading
to the quasi-static approximation (see Young and Finlayson, 1976).

2.3 Heat and Mass Transfer in the Solid

Tne solid walls illustrated in Figure 2 are all relatlvely thln, and we
approximate them by assuming there are no temperature varizticns across
the thickness.” There may be temperature.variations around the peri-

phery, as in Figure 2, or along the length as in Figure 1b. The reac-
tion layer of catalyst on porous alumina is even thinner, and we model
it as a surface reaction, although in the equations below the thickness
is ¢. The thermal conductivities of the porous alumina and the ceramic
substract (walls) are taken as the same, and diffusion can occur in the
porous layer, but not the ceramic substrate. The equations are then

s, s 8T s 5°TS S o
o Cy I k 2 ?
§ 3z (2rh+d/u)
4
f (-0H )z
L S L (5)
hs ™ hs
2,8 S a2,S
] s 9°Y
€ C gz— - ;D 2 ) 5 3 g + Df n'va + %3 =0 (6)
dz (2rh) Ix o

vihere pSCpS is the solid heat capacity per unit volume, T° is the solid

temperature and is a function of x, z and t, k5 is the solid thermal
conductivity, d is the wall thickness, rpg is the hydraulic radius of
the solid, the solid cross sectional area shown in Figure 2 divided by
the pevlmeter of contact between the solid and fluid. The rate of
reaction is r in units of mole ver time per volume, the heat of reac-
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tion is -MR, € is the void fraction of the porous alumina, ¥S is the
concentration of gas in the pores of the alumina. DS is the effective
diffusivity in the sglid and t is the time. The third term in Egs.
(5-6) involves 3°/8x“. This term represents conduction and diffusion
in the wall of the square duct, Figure 2, and is normalized to go from
0 to 1 for the limits shown in Figure 2. This term is kept in the
equations only for the square geometry. In the other geometries it is
assumed that peripheral conduction and diffusion is infinitely fast and
no temperature or concentration variations can occur arourd the peri-
phery in the solid. Then it is necessary to have only one collocation
peint in the solid, as illustrated in Figure 2. This assumption is
tested in the calculations reported below.

2.4 Reaction Rate Expression

The rate of reaction of carbon monoxide and oxygen on platinum shows
that the rate of reaction is inversely proportional to carbor: monoxide
concentration. Here we use a rate expression which is essentially that
measured by Harned (1972).

_ S S S S \2
-r = kl YO2 YCO / [Y02 + k2 (YCO) 1 7

For CO concentrations abov% 1% the second term in the denominators pre-
dominates, giving ra(YEO)' . Oxygen is in excess, so that Yap ~

constant, and the first term in the dencminator is important only at
very low CO concentrations. The heat effects of the reaction of hydro-
gen is included in -AHp (see Young and Finlayson, 1976).

2.5 Boundary Conditions

On the surface between the fluid and solid the fluid temperature equals
the solid temperature. For the dotted lines in Figure 2 a symmetry
condition is applied. In the fluid this is done automatically by the
orthogonal collocation method. Boundary conditions are written at the
inlet to the monolith by regarding the region cutside the monolith as
a well-stirred vessel with uniform temperature. At the exit we take
the usual condition that variations in the z-direction are zero. Ini-
tial conditions must also be specified for all variables.

3, Solution Method

The model requires finding the solution for u(x,y), T and YL as func-
tions of X, y, and z, and T and Y® as functions of x, z, and t (for
the square) or z and t (for the other duct shapes).

3.1 Velocity

Global orthogonal collocation (Finlayson, 1972) is used to solve Eq.
(1). The high convergence properties of global orthogonal polynomials
insures that only a few terms are necessary in the expansion. The ir-
regular geometries in Figure 2 are transformed to a regular geometry
(square, rectangle, or circle) before orthogonal collocation is applied.
For the square ve get
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K M 2

x & -
k§l Bik ukj + £ Bik Us e &z (8)

x=1
i=1,...,8; j=1,...,M

where 2o is the length of the side of square, B?k and BY, are colloca-
tion matrices derived elsewhere (Finlayson, 1972, 197%)°and u,: =
u(x,ys:) is the velocity at the collocation point (Xs¥3). On¥the
boundafy uys=C. Equation (8), which represents the residual at the
collocation point, is thus satisfied at the NM interior collccation
points denoted by e in Figure 2.

3,2 Fluid Temperature and Concentration

Egs. (3-4) are solved using global orthogonal collocation in the X,y-
directions and continuously using an eigenfunction expansion in the z-
directicn. The sclution method is illustrated for temperature in a
circular geometry. For an artitrary wall temperature distribution
T,(z), the exact solution fcr ™(x,z) is

- o 2 An(z-1)
T (x,z) = T, - I 2O R (%) fo e

x [T,(0)-T Jat (9)

where X_ are the eigenvalues and Rn(x) the eigenfunctions for the

Graetz problem with T,(z) = constant. The orthogonal collocation

approxiration to this, evaluated at the collocaticn points xj, is
A3

N N

£ -1 2
T (x:,2) = T _+ Z I V.V7 (1-x.)B,
. i» ¢} j=1 n=1 in nJ J J,N+1
A(z=T)
z _'n -
x[Je [T, (T)-T_lat (10)

where now A and Vi, represent the eigenvalues of the approximate solu-
tion and the eigenvectors of the eigenvalue problem. The fluid tempe-
rature and concentration in other gecmetries is derived in a similar
way; even though an exact solution (9) may not be possible in the ir-
regular geometries, the orthogonal approximation (10) is possible pro-
vided the shape of the duct is one that is transformable to a regular
domain. Egs. (9) represents, essentially, a Green's function for Egs.
(3), and Egs. (10), even in other geometries, is an approximation to
the Green's function. The global orthogonal collocation method, with
the expansion functions orthogonal polynomials defined over the whole
domain, are used here, too, because only a few terms are needed to in-
sure highly accurate results.

3.3 Solid Temperature and Concentration

After solving for the fluid temperature as in Egs. (10), and for fluid
concentration in a like manner, the terms ’glan and ,p.\-VYf are calcu-
lated for insertion in Egs. (5-6). The result is an integro-differen-
tial equation for T5(z,x,t) and Y8(z,x,t). The advantage of this solu-
tion methed is that all the collocation points in the fluid are elimi-
nated as uninowns; this reduces the number of unknowns by a factor -
between 3 and 15, depending on the situation. We still have a partial
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differential equation to solve. Global orthogonal collocation is
applied in the x-direction, since the profiles are expected to be
smooth. Grthogonal collocation on finite elements (Carey and Finlay-
son, 1975) is applied in the z-direction since the profiles are steep
in that direction, which would require a large number of terms in a
global expansion. Usually 10-25 elements were used in the z-direction
and a 6th degree polynomial was employed on each element. The equa-
tions are assembled and solved iteratively, element by element, from
the inlet to the outlet, and then repeating the sweep as often as is
necessary.,

4. Results

The simulation results for a PTX-U4 Englehard converter are given in
Figures 3-8, They are especially interesting in that multiple steady-
state solutions are possible for the same inlet and boundary condi-
tions.

4.1 Multiple Steady-States

Temperature and concentration profiles shown down the reactor in
Figure 3 for conditions of Tg = 5879F, Y3 = 0.0U, Re = 160. We see
that the solid temperature rises sharply (light off) and the fluid
temperature increases more gradually. The concentration profiles are
almost a mirror image of the temperature profiles. One of the steady-
state solutions, however, does not light off and very little reaction
takes place. Which of these solutions occurs depends on the past
history of the reactor.

The hysteresis effect is illustrated in Figure 4. Such curves have
been obtained experimentally by Hlavd&ek and Votruba (1974) in the
following manner. Beginning with a cold reactor, desired inlet condi-
tions are maintained at a low temperature until steady-state has been
reached, giving one data point on the top part of the curve. Then the
inlet temperature is raised, and the experiment again proceeds to
steady-state, giving another data point. This procedure is followed
giving the curve denoted by ». At the ignition temperature light off
occurs and the concentration of carbon monoxide out of the reactor de-
creases drastically. Almost complete conversion is obtained for any
higher inlet temperature. Then the inlet temperature is lowered, step
by step, giving rise to the curve marked +. At the extinction tempe-
rature the concentration suddenly increases and little reaction takes
place. The two profiles shown in Figure 3 then represent two cases -
one with light off, the other nearly extinguished.

The slight effect of geometry of the duct on the hysteresis curves
is indicated in Table I by listing the extinction and ignition tempe-
rature.

- Table I
Extinction and Light Off Temperatures for Different CGecmetries
Geometry Téxtinction(op) Tignition(op)
square 575 575-587
circle 587-591 587-591
trapezoid 587-591 591-595

rectangle 595-600 595-600
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Fig. 4. BHysteresis Curve
4.2 Transient Simulations

Figure 5 shows how the solid temperature changes when the gas flow rate
suddenly increases. Inltlally the solid temperature is at 1087°F and
the fluid mole fraction in the porous %Olld is YS=0. At time zero a
flow is_established with Tb = 700°F, Yg = 0.02, and a flow rate of 80
std.ft.>/min. (Re = U49). “The reactor is coo11ng, and as it does so
the front (vhere light off occurs) moves dovnstream slowly. If the
temperature were decreased more, or the flow rate increased more, the
front would move downstream and could move out the end of the reactor,
which is called blow out.

4,3 Effect of Different Models

Figure 6 shows the mole fraction proflles for three different medels to
test the importance of certain terms in Egs. (5). Curve 1 corresponds
to setting kg=0 in the axial conduction term, which allows no axial
conduction of heat, and kg=« in the peripheral (x)-direction, which
uses very fast conductlon around the perlphewy This last case can be
solved using only & single collocation point in the x-direction, as
shown in Figure 2. Curve 2 of Figure 6 permits axial conduction of
heat, but still uses only a single collocation point in the x-direc-
tlon, while curve 3 is for the complete model governed by Egs. (5).

We see that in this case neither the effect of axial heat conduction or
finite peripheral heat conduction has a large bearing on the results.
Other simulations (Young and Finlayson, 1976) indicate that models
having axial conduction can have multiple steady-states (g1v1ng rise to
hysteresis) whereas models without axial conduction are unique (no hy-
steresis). Thus axial conduction must be included. The peripheral
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Fig. 5. Thermal Transient
variations of temperature and concentration are shown in Figure 7 for
the cases given by curves 2 and 3 in Figure 6. Dispite large concen-
tration variations around the periphery of the square, the profile in
Figure 6 is shifted only shightly. This is why a single solid collo-
cation point is used in the other duct shapes of Figure 2.

It is much more important that the fluid equations (3,4) be solved
correctly. Figure 8 shows the errors incurred if only a single collo-
cation point is used. Other calculations (Young and Finlayson, 1976)
show even more dramatic differences.

5. Conclusion

The equations governing heat and mass transfer in monclith ducts can be
modeled by a collocation method employing global orthogonal colloca-
tion, finite element orthogonal collocation, and an integro-differen-
tial technique. Steady-state calculations can be performed in about a
second on an IBM 370/165 computer for situations involving 242 non-
linear algebraic equations. Without the integro-differential. equation
technique, the number of unknowns would have been increased to 1694,
making the computations much more expensive. Transient simulations

are only feasible with the integro-differential equation technique.
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Fig. 6. Steady State Profiles, Inlet Temperature = 7OOCF
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